Hac HF 2 WO 2 B 2 ARk Vol. 46 No. 2
2024 4 2 A Journal of Huzhou University Feb. 2024

Commuting Linear Maps on a Kind of
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Abstract: Using the properties of commuting linear maps, we calculate the commuting linear maps of the
Heisenberg — Virasoro Lie algebra of rank two, which is helpful to determine the centroid of the Lie algebra.
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0 Introduction

The structures and representations of the Heisenberg — Virasoro Lie algebra and its generalizations
have been widely studied, such as [1]~[7]. The Heisenberg — Virasoro Lie algebra of rank one is the

"', which is generalized to the case of rank two

Lie algebra of differential operators of order at most one
in [8]. Some structure properties of the Heisenberg — Virasoro Lie algebra of rank two have been
calculated in [ 8], including central extensions, derivations and the automorphism group. In [ 9],
Z —graded Harish — Chandra modules of the Heisenberg — Virasoro Lie algebra of rank two was
classified. Now there are still many questions unknown about this Lie algebra.

Linear maps on Lie algebras are important part of the structure theory of Lie algebras, such as
derivation, endomorphism and automorphism and so on. Commuting linear maps on Lie algebra is a
special kind of linear maps, and it is an indispensable part of the structure theory of Lie algebras. In this
paper, we mainly study the commuting linear maps on the Heisenberg — Virasoro Lie algebra of rank two.

Throughout this paper, we denote by Z, Z*, @, Q" and the C set of integers, non — zero

integers, rational numbers, non — zero rational numbers and complex numbers, respectively. All the

vector spaces are assumed over the complex field.

1 Preliminary

Let G={a=(a;say) |a;sa, € Z sa7# (0,0)} and Q" =Q\{0,—1}. Set
7=(1,0),e=(0,1).
For a=(a,,a;),f=(B,,6,)€G, denote by
Bi B

a g Ay

det(B,a): :Blaziﬁzal-
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Obviously, det(8,a) =0 if and only if the set{a .S} is linear dependent, and det(fB.,a) #0 if and only if
the set{a,B} is linear independent.
For any « €G, set
Z(a)={qga€GlqgE Q" }.
Then, for a,fE G, we have det(B,a) =0 if and only if € Y(a), and det(8,a) 70 if and only if B& Z(a).
1) The Heisenberg — Virasoro Lie algebra of rank two, denoted by g, has a basis

(t'" E..K,|a € G,i =1,2,3,4}

Definition

with the following brackets:
[t,t"]=0, [K,.a]=0, i=1,2.3,4,

[¢° ,Eﬁ]:det(ﬁ,a)tﬁ’?Jraﬁﬁ,o (a; K| +a,K,),

[E,.E;]=det(Ba)E, ;+38,p0(a, Ks+a, K,
for all a,pEG.

Obviously, the center of the Heisenberg — Virasoro Lie algebra of rank two C(g) =CK,®CK,D
CK;®CK,. According to Definition 1, when the set{a .8} is linear dependent and 7 —a, we have
(¢ e’ 1=t E,]=[E,.E,]=0.

2 Commuting linear maps on the Lie algebra g

In this section, we determine commuting linear maps on the Heisenberg — Virasoro Lie algebra of
rank two g.

Definition 2"'")  Let L be a Lie algebra over the field F. A linear map f:L — L is called a
commuting linear map of the Lie algebra L if

[z, f(x)]=0

for all x€L.

For any commuting linear map f of a Lie algebra L, it is easy to see that

SKHelClg, i=1,2,3,4;
Lf()sy]l=lxsf(], VYax.yEL.
Theorem 1 For any commuting linear map f on the Heisenberg — Virasoro Lie algebra of rank two

g, there exist some a,b,x?,yi,2,(;j)€C(,j=1,2,3,4) such that

4 4 4
FGD =at* + D 2K, fE) =bt" +aE, + >,y K,» f(K)=>,2,(K,
i=1 i=1 ji=1
for all  €G.

Proof Let f be any commuting linear map on §. For any ¢ € G, assume

1
fa) = Z/\yatn + Z/M;QE(;” + Z‘I?Kz ’
i=1

1
SED=D]pt" 4+ Djo Ec + D 5K,
i=1

FKD)=>2.(HK,,

j=1

where 7,.,0,,6,.8, €G and A, +py »0: s0p a7y 2 ()EC,
Since [ %, f(t*)]=0, we have

0=, [t T+ Dpy [t E, J=
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Do Ldet(@, 00" +6,. o K, +a. K, ] =
Do det(@, a0+ p (K Ky s

which forces
det(@a,a)/xoa:O, (@)
ayp—e=0, ayp_,=0. 2
Since a = (a; »a,) #(0,0), by(2), we have
#—.=0.
Using(1), it is easy to see pp =0 if det(d, ,a)#0, that is, po =0 if 0, & Z(a).

Hence, we can write

!

S =202,t" + 2 puE.+ 2 oK, (3
: =
Since [E, . f(E,)]=0, we have "
0=>1p: [E..t* 1+ Do, [E,.E, 1=
— Dlpe [deta 600" —6,.: o(a K, +a, K]+
Dloc Ldet(¢,.a)E, o +0,. o(a K, +a,K)]=
— Dlpe deta 00" 4 p (e K, +a,K,) +

Do det(¢,sa)E, ., +o , (a K, +a,K).

Then we have

det(a,§,)p. =0, 4
a0 ,=0, a0 ,=0, (5
det({, sa)o, =0, (6)
a0 ,=0, a,o_,=0. )

Since a = (a; sa,) #(0,0), by (5) and (7), we have
e .=0, o ,=0.
By (4), we have pe =0 if €&,& Z2(a). By (6), we have o, =0 if £,€ Z2(a). Then we can write

4
FED= D put™+ D) ouEn + 20 vK,. (8)
1

se@” rea” i=

Using [ f ) E, 1=t f(E,)], by (3) and (8), since
[ra.EJ=202, [detCasy " =8, o (a K, +a, K]+
>0 pwldet(aqa)E, 4+ 6, 0.0 (ga Ky +ga, K )] =

eQ”

DA, detCa,y )i = A, (@ K, +a,K,) s
[t f(ED]= D) o [detChaa)t®™ +6, .0 K, +a,K,)]=0,

rEDQ
we have

DA, detCasy " =2 (oK, +a,K,) =0.
Obviously, A, =0, and Ay, =0 if v,¢ 2(a). Then (3) becomes

4

SO = D"+ D) puE. + DK, (9

rea’ ¢geQ” i=1
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Using [ f G e?1=¢t*, f&*)], by (9), since
[r s T=— 27 puldetCqa "™ +8,,.0 (B K, +B.K.) ],
geQ”
[ f ] = D) pldet(qB et 4+ 6,0 (a K| +a, K],
geQ”
we get
— 20 puldetCqa e +5,. (B K, +B,K,)]=
geQ”
D7 spldet(gBaa) ™ 48, p0(a K| +a,K,) . (10)
¢eQ”

Take & “(a) in (10), then the set{a,B} is linear independent. So det(qa,B)#0,8+qa#0,det(gB,a)

#0 and a+¢B#0 for any ¢ &€ Q" , which forces (10)becomes
o 2 qula det(qa 9B>tﬂ+qa - E #qﬁdet(qﬁaa)t‘ﬂwﬁ,

¢geQ” eQ”

Then
tadet(qa )" ™ =0, q#0,+1.
It is easy to see that
M =0, q7#0,=%1.

Hence (9) becomes

FGD = DAt FpE, A+ D 2K,
rea’ i=1
It follows from (11) that
det(a .f)(py —p " =o0.

If the set{a.p} is linear independent, then det(a,B)#0 and
M P

Then p, =p. for a#le, and p,, =p,=p.» where L€ Z . So

Poe=pes Ya€G.

Hence (12) becomes

4

G = DAt +puE. + D 2K,

rea’” i=1

Using [ () E =t f(E; ], by (8) and (13), since

4
[f G Eyd=0 2] Aut” +p.E, + 2 2K, ,E,] =
1

rea’” =

DI, [det(Bapadt™ 48,000 (pa K| + pa, K]+
peQ”
#s[det(ﬁ’a)Ea\ﬂ +8a\ﬂ.o(alK3 +02K1)]’

4

L fCEDT =" D) put™ + D) ok, + D v/K, =

se@” reQ” i=1
D owsldetkBra) ™™ 4+ 8 150 (a Ky +a, K],
rEQ”
we have

Z A/}a[det(B’PQ)[/m‘ﬁ +6/>a\,9.()(palKl +P0‘2K2):| +

peQ’

Iuel:det(ﬁ9(1)Ea+lg +8a+lg.0(a]K3 +a2K4)] -

(1D

(12)

(13
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D oldetrBaa)t™™ 46, 4, (e K\ +a, K, . (14)
kEQ”
Taking f=—a in (14), we get p.(a, K3+a,K,)=0. Hence
pne=0 (15)

and (14) becomes
DA [det(B.padt™ P 48,00 (pa K, + pa,K,)] =
peQ’

> oipldetkBoa)t™ +8, 0 (e Ky +a, K, (16)
reQ”

Take BQ Z(O() in (16), ‘[hen
2 A, det(B ,pa)f,paﬁ; _ 2 O'kﬂdet(kﬁ,&)la+ki? X

peQ’” reEQ”
which forces that

Aedet(Bspa)=0,0,,det(pB,a)=0, p#0,+1;
A.det(Bya) =opdet(B,a).

It is easy to see that

A,=0,0,,=0, #0,+t1;
! " b (17
A, =0y
Using (17), we get A, =0, for a #le, and A,, =o,=0., where [€ Z" . So
Aazaes VOIGG.
Similarly, o;=A. =0, for B# /e, and o,, =1, =0., where LlE Z . So
cy=0., YPREG.
Therefore,
An:Ua:O',Es VQGG.
Set 6. =a. Then (13) and (8) become
4
Fa =at* + D 2K, , (18)
i=1
1
FED = D) put“ +aE, + D) v'K, (19)
se@” i=1
via (15) and (17).
By (19), we can obtion
[f(E)D,E;]= 2 [pudet(Basa)t™ ™ 48, 50 (a K, +5a, KD ] +alE,.E,; ],
seQ”
[E..f(Ep]= > pyldet(sBoa)t™™ +6 .. 0(a, K, +a,K,)] +alE, .E,].
seQ”
Since [ f(E,),E,|=[E,.f(E; ], we get
E [p.det(B.sa)e ™ 40 o0 (sa K| 4 sa, Ky) | =
seQ”
D7 ppldet(sBaad ™ 46 4., (@ Ky +a, K, (20)
seQ”

Take B € Z(a) in (20), then
E 0 sa det(ﬂ ’Sa)tmﬁ? = E P.\,@det(l\'ﬁ,a)t“ﬂg ,

seQ” seQ”
which forces that

pudet(B,50)=0, s7#0,=%1;
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p.det(B,a) =pzdet(Bsa), s=1.

It is easy to see that

pm:Os Sio,il;

- 2D
O™ Pg-
Then p, =p. for a#le, and p,. =p,=p., where [E Z". So
0.=pes Ya€G. 22
Set b=p.. According to (21) and (22),
14
FE) =bt" +aE, + > y'K,, Ya € G. (23)

i=1

Therefore, the theorem holds via (18) and (23).
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